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Abstract
One common way to define spontaneous symmetry breaking involves explicit symmetry
breaking. This definition can be used in any approach to Effective Field Theory, from
perturbation theory to lattice simulations. It allows us to study the spontaneous breakdown
of global symmetries without assuming that the local gauge symmetry is spontaneously
broken. This is important since perturbation theory is insufficient to study extended Higgs
sectors: it is insufficient to predict the physical spectrum of the SU(5) Grand Unified Theory
(Georgi-Glashow) or to predict the spontaneous breakdown of global symmetries.
We also study background symmetries: these are symmetries that despite they are al-
ready explicitly broken, can be still spontaneously broken. We analyse examples where a
background CP (charge-parity) symmetry is not spontaneously broken: in the Standard
Model, in rephasing symmetries and in geometrical CP-violation.
We show that all fields are real representations of the group of symmetries, since CP
is a unitary transformation. There are consequences: to study accidental symmetries (e.g.
custodial symmetry, pseudo-golstone bosons) we must consider real representations; CP is a
symmetry of order 4 if the neutrinos are Majorana particles and the notion of CP-violating
phases is inconsistent in some Lagrangians; a recent claim that a toy model exhibits physical
CP-violation while the CP symmetry is conserved by the Lagrangian and the vacuum is false.
1 Introduction
There are several definitions of spontaneous breaking of global symmetries [1, 2], all are related
with the phase transitions of a system1. In one common definition2, spontaneous symmetry
breaking is a particular case of explicit symmetry breaking.
Let φ be a field, let g be a global transformation acting on the field φ→ g(φ).
1The converse is not true: there are topological phase transitions which do not involve symmetry breaking [3].
2In statistical mechanics [1]; in the Standard Model [4] and in two-Higgs-doublet models (in the context of
lattice simulations [5, 6])
1
The expectation value of the field is < φ >J,N . It depends on an external field J which is
not g-invariant (i.e. J 6= g(J)), while N is the size of the system. In the absence of the external
field the system is g-invariant, thus < (φ− g(φ)) >J=0,N= 0.
For finite size N , we assume that the system is well behaved with continuous expectation
values3 as a function of J , that is limJ→0 < (φ− g(φ)) >J,N= 0.
Definition 1 (In statistical mechanics). There is spontaneous symmetry breaking when the
expectation value is finite and breaks the symmetry generated by g, for an infinite size N and
an arbitrarily small external field J , i.e.
lim
J→0
{ lim
N→∞
< (φ− g(φ)) >J,N} 6= 0
The limits may not commute, because the (pointwise) limit of a convergent sequence of
continuous functions is not necessarily continuous.
Other definitions in the context of statistical mechanics do not involve explicit symmetry
breaking4, and are based instead on: a long-range order parameter which is the expectation
value of a G-symmetric function f(A) (e.g. the modulus f(A) = |A|) of an operator A which
breaks G and it is invariant under translations in space-time; or a conditional expectation
value of some operator A given some condition C = 0 that breaks the symmetry; or a two-
point correlation function with the points at an infinite distance from each other (related with
boundary conditions) [1]. It is widely accepted that these definitions should be all equivalent to
Def. 1 ([2, See Sec. 10.C] also in the Ising model [1]), although it is not easy to prove it because
the systems with or without external field are physically different [8].
When it comes to quantum non-abelian gauge field theories, the theories themselves lack a
non-perturbative mathematical definition [9], so it is even more difficult to relate these different
definitions. By analogy with statistical mechanics5, these definitions make sense within the
framework of quantum phase transitions [11–13] (even at zero temperature). In the presence of
the Higgs mechanism, there is yet another definition of spontaneous symmetry breaking, most
common in the context of perturbation theory of the Electroweak interactions:
Definition 2 (Electroweak symmetry breaking). The vacuum expectation value (vev) of the
Higgs field is determined by one of the possible minima of the effective Higgs potential (calcu-
lated with perturbation theory in the Landau gauge). The symmetries broken by the Higgs vev
are the spontaneously broken symmetries.
3It is not strictly required that the expectation values are continuous for finite N to have spontaneous
symmetry breaking [2], but the systems with local interactions (e.g. the Ising model or gauge theories) share this
property. There are also systems where the thermodynamic limit makes no sense [7], requiring a more general
definition of phase transition.
4Such definitions are not based on the existence of expectation values that explicitly break the symmetry, since
that would not be possible by definition of the system’s expectation value with J = 0. We prefer Def. 1 because it
allows us to study the symmetries of the system at the Lagrangian level, independently of the particular Quantum
Field Theory framework (e.g. perturbative/continuum or non-perturbative/UV-cutoff, scattering processes or
bound-states), as we want to use several frameworks for phenomenology studies.
5The correlation functions of quantum field theory can be defined as the Wick-rotation of correlation functions
of a statistical field theory [10].
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The determination of the Higgs vev by minimizing the Higgs potential is a mean-field approx-
imation6. Therefore, Def. 2 is consistent with Def. 1 under the assumption that such mean-field
approximation is appropriate, which is often not the case in statistical mechanics and solid
state physics7. There are many non-exact examples and a rich literature on methods beyond
the mean-field approximation [23, 24]. A common problem in mean-field approximations is the
apparent breaking of some symmetries which are in fact conserved by the real system. Restora-
tion of symmetries is crucial to obtain physical states with correct quantum numbers and to
account for the quantum fluctuations. E.g. in nuclear physics, the mean-field approximation
often clashes with the angular momentum quantum numbers [23, 24].
It is well known that for sufficiently strong interactions the perturbative corrections to
the mean-field approximation fail to account for the quantum fluctuations [25]. This leads
many people to extrapolate and assume that for sufficiently weak interactions the perturbative
corrections to the mean-field approximation are a good approximation. But the perturbative
corrections to the mean-field approximation often fail even at weak coupling:
• in Quantum Electrodynamics in 2+1 dimensions of space-time (the compact version with
a lattice regularization) there is confinement and the absence of a global electromagnetic
charge even at weak coupling [26], in contradiction with perturbation theory (the same
perturbation theory which in 3+1 dimensions of space-time produces precise predictions);
• the Higgs vev vanishes in the temporal gauge [27], while the mean-field approximation
predicts a non-null Higgs vev in any gauge;
• in a simplified lattice model at weak coupling, when the Higgs mass is smaller than the W
mass the simulation results are very different from the predictions of perturbation theory
[28–30];
• it is insufficient to predict the physical spectrum of the SU(5) Grand Unified Theory
(Georgi-Glashow) [31] (see also Section 6.1);
• in a toy model analogous to a Grand Unified Theory at weak coupling there are dramatic
differences in the spectrum in the lattice simulation and in the perturbative prediction [32];
• the mean-field approximation may also fail in superconductors [33].
6See [2]. Note that Def. 2 involves symmetry breaking vevs since perturbation theory can only deal with small
perturbations of the Higgs field, which is only guaranteed if the Higgs vev is non-null. Even considering superse-
lection sectors [14], we deal with a statistical ensemble of systems each with a non-null Higgs vev corresponding
to one superselection sector and we study each system perturbatively.
7A simple example where the mean-field approximation predicts spontaneous symmetry breaking in disagree-
ment with the exact solution is the one-dimensional Ising model [2, 12, 15]. On the other hand, there may be
symmetries which we expect to be conserved, but due to yet unknown mechanisms in quantum field theory [16],
are in fact spontaneously broken.
The classical problem of minimization of a polynomial [17–19] is a hard problem where topology is very
useful [20, 21]. However, to find out which kind of topological transitions can entail a thermodynamic phase
transition is still an open question [22].
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There is a further ingredient to take into account [34]: a spontaneous breaking of local gauge
symmetry without gauge fixing may be impossible in a gauge theory such as the Electroweak
theory. The argument is based on the fact that local gauge transformations affect only a small
sized system near each space-time point and so there is no infinite size limit as in Def 18. It can
be argued that the Higgs mechanism avoids the presence of Nambu-Goldstone bosons precisely
because the local gauge symmetry is not spontaneously broken [37, 38]. Many non-perturbative
studies support this picture [25, 39–41]. Moreover, there is a group-theory correspondence
between gauge-invariant composite operators and the gauge-dependent elementary fields in the
Electroweak theory [27, 38] (also for two-Higgs-doublet models [6]).
However, the fact is that the perturbative predictions from the Electroweak theory seem
to be a very good approximation to the existing experimental data in high-energy physics[42],
and the (non-perturbative) lattice simulations so far support this picture [28, 43, 44]. There-
fore, it is important to confront these definitions, not only for formal reasons, but also for
phenomenological reasons since non-perturbative methods such as lattice simulations [45] and
the functional renormalization group [46] are becoming increasingly relevant in the studies of
Electroweak physics and beyond, and are well established in Flavour physics and Quantum
Chromodynamics (QCD).
The orbit space approach to the study of invariant functions[17] provides pure mathematical
reasons why explicit and spontaneous symmetry breaking are necessarily related in the context
of a (eventually non-renormalizable) potential of arbitrary order. Such kind of relations were
noted recently for the CP (charge-parity) symmetry in several multi-Higgs-doublet models and
were summarized in the form of a conjecture [47, 48] (see also Section 6.4), but for renormalizable
potentials which is intriguing.
In this paper we address four problems in the context of extended Higgs sectors:
• check that the non-perturbative Definition 1 of spontaneous symmetry breaking is com-
patible with the usual assumptions of perturbation theory (Def. 2);
• how to study the spontaneous breakdown of global symmetries without assuming that the
local gauge symmetry is spontaneously broken;
• the relation between explicit and spontaneous symmetry breaking;
• the relation between the CP symmetry and real representations of the symmetries of the
Standard Model.
In Sec. 2, 3 we state the assumptions we will make throughout the paper, reviewing back-
ground symmetries: these are symmetries that despite they are already explicitly broken, can
be still spontaneously broken. In Sec. 4 we discuss explicit symmetry breaking, so that Def. 1 of
spontaneous symmetry breaking applies. Our assumptions and framework are compatible with
8Under some assumptions on the analiticity of ωJ,N . Note that since the quantum field theory is not well
defined mathematically, it is hard to rigorously prove that Elitzur’s theorem [34] is valid or that it is not valid [35,
36]
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the usual assumptions of Electroweak symmetry breaking (Def. 2), as we show in Sec. 5 and
Appendix A. In Sec. 6 we apply our formalism to extended Higgs sectors and to CP violation.
We conclude in Sec. 7.
2 Background symmetries of the classical Action
2.1 Background symmetries of the functional
Let A be a complex algebra of operators, let G be a linearly reductive group9 of transformations
A → A, with Gb and Gf ⊂ Gb normal subgroups of G. Note that the local gauge group is always
a normal subgroup of the group of symmetries and it is contained in Gf , while the quotient
group G/Gf is a group of global symmetries.
Consider a Gf -symmetric linear functional ω : A → C, by definition all the symmetries
conserved by ω are explicitly conserved by all correlation functions, independently of whether
the symmetries are spontaneously broken or not. That is, ω(A) = ω(gA) for all A ∈ A and all
g ∈ Gf .
The Gf -invariant operators are a representation space of the group G/Gf—we have the
homomorphism G→ G/Gf where Gf is the kernel of the homomorphism.
Consider now the functional ωB depending on a Gf -invariant background field
10 B, i.e. the
expectation value ωB(A) of the operator A is a (classical) function of the numerical values B
and gB = B for all g ∈ Gf .
In analogy with Def. 1, we say that G/Gb is a background symmetry of ωB when ωB(A) =
ωcB(cA) for all Gb-invariant operator A ∈ A (by Gb-invariant we mean A verifies ωB(A) =
ωgB(gA) for all g ∈ Gb). We make no assumptions on whether ωB is Gb-invariant or not. We
do assume that the Gb-invariant operators are polynomials of the fields and of the background
fields11. Note that the transformation ωB(gA) → ωB(gA) affects only the fields (not the back-
ground fields) while the transformation ωB(A)→ ωgB(A) affects only the background field, for
any g ∈ G.
Suppose that a ∈ G is conserved, then any background transformation g ∈ Gb modifies the
9The class of linearly reductive groups includes all compact groups and the Lorentz group and its double
covers that act on the spinors. Such class therefore covers all the groups that are relevant in the Standard Model
and in many of its extensions.
10We only consider commuting (i.e. non-Grassmann) background fields. A spurion or (non-dynamical) back-
ground field enters in the definition of the Lagrangian but it is not a field of the Lagrangian. When calculating the
observables, the background fields are replaced by numerical values. Such numerical values (and the usual fields)
are a representation of a group of background symmetries of the classical Action, but there are no Noether’s
currents associated with such background symmetries if the numerical values are non-trivial. The observables are
invariant under the action of the group of the background symmetries. See Ref. [49–52] for details and related
studies.
11There is a more general definition: G/Gb is a background symmetry of ωB when for any g ∈ G there is
some h ∈ Gb such that ωB(A) = ωghB(ghA) for all operator A. These two definitions are equivalent when Gb is
a linearly reductive Lie group: there is then a finite algebraic basis of Gb-invariants parametrizing faithfully the
Gb-orbit space [17].
For compact groups we can assume the operators to be smooth functions of the fields and of the background
fields [53–55].
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symmetry transformations as a→ gag−1, that is ωgB(gA) = ωB(A) = ωB(aA) = ωgB(gag−1gA)
(for a Gb-invariant operator A).
As consequence of the isomorphism theorems [56], the following groups are isomorphic
G/Gb ≃ (G/Gf )/(Gb/Gf ) and the homomorphism G → G/Gb can be achieved in two steps:
first G → G/Gf and then G/Gf → (G/Gf )/(Gb/Gf ). This is important since we can build
operators invariant under the background group Gb using only the operators invariant under
the group of symmetries Gf that we constructed in a first step.
2.2 Spontaneous symmetry breaking of background symmetries
The CP symmetry is explicitly broken in the Standard Model, by the phase of the CKM matrix.
Promoting such parameter to a background field B, we can still spontaneously break the CP
background symmetry in extended Higgs sectors. We introduce a background field J which also
breaks CP explicitly, and then we have spontaneous breaking of the CP background symmetry
G/Gb when
limJ→0(ωJ,B(A) − ωJ,cB(cA)) 6= 0 for some Gb-invariant operator A ∈ A and c is the CP
transformation, i.e. the generator of the CP group G/Gb.
We can consider analogous situations with other compact groups G. Using a second back-
ground field J2 we could even study the spontaneous symmetry breaking of a symmetry that is
already spontaneously broken via J . Therefore, the use of background fields allow us to address
a wide class of problems.
For instance, the soft symmetry breaking terms are very useful for phenomenological appli-
cations [57]. These are quadratic terms of the Higgs potential, the corresponding parameters
can be promoted to background fields, such that the symmetry which is softly broken is a back-
ground symmetry. We can therefore study spontaneous symmetry breaking in the context of
softly broken symmetries.
2.3 Classical Action in Quantum Field Theory
The introduction of Grassmann (anti-commuting) variables to describe fermions in the classical
Action, allows us to describe in principle any quantum non-abelian gauge field theories by
its classical Action. Such classical Action is well defined mathematically [58]. While we could
consider fermionic background fields, all the parameters of the classical Action (e.g. the Yukawa
couplings) as well as the results of the correlation functions are commuting numbers and so it
suffices to consider commuting background fields, as we will do here.
However, the symmetries conserved by the classical Action may not be conserved by the
path integral measure and so by the vacuum functional (i.e. by the full quantum system): we
would have then a quantum anomaly [59]. Explicit symmetry breaking is different from quan-
tum anomalies: in explicit symmetry breaking the classical action contains explicit symmetry
breaking terms, such that when those terms are null both the classical action and the vacuum
conserve the symmetry.
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Since spontaneous symmetry breaking can be defined as a particular case of explicit sym-
metry breaking, it is also different from quantum anomalies. Background symmetries are a
particular case of explicit symmetry breaking, as well.
We will study here the action of the group G on the classical Action and assume that the
Action, the field content of the theory and the group G are chosen such that the path integral
measure isG-invariant: i.e. there are no quantum anomalies12. In any case, the determination of
the symmetries of the classical Action is a first step towards the determination of the symmetries
of the vacuum, therefore our results are also useful in the presence of quantum anomalies13.
Note that since the probability is the modulus squared of the probability amplitude, there
may be discrete symmetries of the probability which are not symmetries of the probability
amplitude. The time-reversal is one example. We will not consider such symmetries here.
2.4 Effective Action and ultra-violet incomplete theories
The renormalization group affects the parameters of the classical Action and thus we need to pay
attention on how we define the background fields. We follow the convention used in Minimial
Flavor Violation [52]: the background fields are not modified by the renormalization group, only
the parameters of the Action are modified. The background symmetries are conserved by the
renormalization group. However, we need to consider the parameters to be the most general
function of the background fields (constrained by the background symmetry of the Action). In
practice this means that the parameters will be a simple polynomial of the background fields
only at some fixed energy scale at our choice. Once we do the renormalization group running,
the parameters will no longer be simple polynomials of the background fields. This justifies
that the background fields and the parameters are different, and they should be given different
names (so spurion instead of background field is ok, but reparametrization symmetries instead
of background symmetries may be misleading).
We also assume that the classical Action is a real polynomial of arbitrary order on the
fields. From the point of view of classical field theory there is no reason to limit the order
of the polynomial. When taking into account the quantum effects, then we are working in
the framework of an effective field theory, without making assumptions about the ultra-violet
completion of the theory14. Surely, we require the classical Action to be such that the quantum
12Such assumption is valid for the gauge symmetries of the Standard Model [59] and many extensions, but
not for the baryonic number in the Standard Model [60].
13The presence of quantum anomalies implies that the study of the symmetries of the vacuum must address
also the path integral measure which still lacks a non-perturbative mathematical definition [9], and so can only
be done using further assumptions appropriate for each particular quantum theory in separate.
14The claim that a quantum field theory is ultra-violet complete (i.e. renormalizable) just because the classical
Action is a fourth order polynomial has some problems: without an ultra-violet cutoff (or some alternative
regularization), quantum non-abelian gauge field theories still lack a non-perturbative mathematical definition [9];
the perturbative approach to the Standard Model is based on the λφ4 quantum theory (mexican hat potential),
but in the λφ4 quantum theory the (non-perturbatively) renormalized coupling λ seems to be necessarily null
(trivial) [10, 61], the triviality can be avoided with an ultra-violet cutoff and an upper bound for the Higgs
mass [62]; the advantage of a logically consistent ultra-violet complete theory over one incomplete theory would
be to explain the meta-stability of the Standard Model in face of the present experimental data [46, 63] and
quantum gravity (at the Planck scale), no such theory is yet known.
7
theory is predictive enough and valid up to an interesting energy scale: implying that higher
order interactions should be fewer and much smaller [66] (at the electroweak energy escale), but
not necessarily a fourth order (or any other limit on the order of the) polynomial. For instance,
the two-Higgs-doublet model can be formulated as an effective field theory [65].
The presence of a cutoff scale is essential to allow for taking the limit of vanishing explicit
symmetry breaking: the divergences in perturbation theory may be large, but they are always
finite due to the cutoff. Therefore the limit of vanishing explicit symmetry breaking is well
defined even in the presence of divergences.
Note that in many practical cases (for instance [6]), we can define spontaneous symmetry
breaking as a particular case of explicit symmetry breaking within a renormalizable potential.
In fact, if the gauge symmetry is SU(2)L × U(1)em (as in multi-Higgs-doublet models) we can
always do it, at the cost of eventually breaking explicitly more global symmetries than we would
in a non-renormalizable potential (for an arbitrary gauge group that is not the case, since the
invariant tensors can involve polynomials of order> 4). But the presence of a cutoff is anyway
essential as explained previously, even in a renormalizable potential.
Note that we could consider other definitions of spontaneous symmetry breaking, where the
cutoff is not essential. But the other definitions also have problems to be solved. For instance,
boundary conditions can be implemented in principle, but we need to implement them at the
(non-perturbative) quantum level.
3 The fields are real representations of the group of symmetries
In the canonical quantization of free fields, the charged scalar field is built from two real scalar
fields [67, 68]. We have for the real (i.e. self-adjoint) fields:
ϕr,i(~x, t) =
∫
d3~p
(2π)32Ep
ar,i(~p)e
−ip ·x + a†r,i(~p)eip ·x
Where the subscript r, i stands for real or imaginary parts. The charged scalar field is a
2-dimensional real representation of the U(1)em gauge group, it is composed of 2 real scalar
fields, i.e. (φr, φi).
But since the algebra of fields is complex15, this allows to rewrite the charged scalar field
Note that extensions to the Standard Model often have so much degrees of freedom that either we set the non-
renormalizable interactions to zero or not, they are anyway phenomenologically relevant. E.g. the renormalizable
two-Higgs-doublet model has enough degrees of freedom to emulate a standard Higgs sector with free couplings
at the LHC (ignoring the non-LHC constraints) [64]; while the non-renormalizable two-Higgs-doublet model is
also relevant [65].
We can have in principle constant fields without space-time dependence, for which renormalizability imposes
no restriction on the order of the polynomial. Or a time-independent problem, where the restriction is different
from fourth order.
15In a more elaborate treatment the algebra of operators can be chosen as a real algebra [69, 70]. However,
for the purposes of this work it suffices to consider a complex algebra of operators.
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as:
ϕ =
1√
2
(ϕr + iϕi)
Which is the same as the usual form:
ϕ(~x, t) =
∫
d3~p
(2π)32Ep
a(~p)e−ip ·x + b†(~p)eip ·x
Where a = 1√
2
(ar + iai) and b
† = 1√
2
(a†r + ia
†
i ). This notation seems to imply that the
charged scalar field is instead a complex representation of the U(1)em gauge group. But that
is not true because charge conjugation C is an unitary transformation: it commutes with the
imaginary number and acts as CϕC† = eiθϕ∗, where θ is an arbitrary phase16.
Thus, the charged scalar field conserves an anti-linear condition17: (CϕC†)∗ = e−iθϕ. There-
fore, linear combinations with complex coefficients of the field operators do not conserve the
anti-linear condition: e.g. ϕ(~x, t) + iϕ(~y, t) does not conserve the anti-linear condition (where
~x, ~y are arbitrary positions). This implies that the charged scalar field is a real representation
of the group of symmetries.
Another way to see this is that we can write the real form 2(ϕr, ϕi) = (ϕ + CϕC
†,−iϕ +
CϕC†) using linear transformations of the complex form ϕ. Thus, whether we write the scalar
field as (ϕr, ϕi) or as
1√
2
(ϕr+ iϕi), we are still dealing with a real representation of the group of
symmetries. This would not happen if the charge conjugation would be an anti-unitary trans-
formation, i.e. involving a complex conjugation and thus anti-commuting with the imaginary
number. In that case, ϕ would be a complex representation.
The extension of this argument to other (not scalar) bosons is straightforward. For fermions,
a similar thing happens. We can see that a = 1√
2
(ar + iai) and b
† = 1√
2
(a†r + ia
†
i ) verify the
anti-commutation relations {a, a†} = 1 and {b, b†} = 1 and {a, b†} = {a, b} = 0, assuming that
{ar, a†r} = 1 and {ai, a†i} = 1 and {ar, a†i} = {ar, bi} = 0. Thus a (complex) Dirac spinor field is
built from two (real) Majorana spinor fields. Since, the charge conjugation is a linear operation,
also the fermions are real representations of the group of symmetries.
In classical field theory, the fields can be complex representations18 or real representations
at will. It may be tempting to consider complex representations, since Holomorphic functions
(i.e. ∂f(z,z
∗)
∂z∗
= 0 where z∗ is the complex conjugate of the complex variable z) are the central
objects of study in complex analysis which has many applications. However, the classical Action
is not an holomorphic functional: ∂S(φ,φ
∗)
∂φ∗x
6= 0 for any complex field φ.
Therefore, there is no advantage a-priori in the fields and background fields being complex
16This is the most general C transformation for an irreducible representation of U(1)em. The most general C
transformation for reducible representations of U(1)em will be discussed in Section 6.4
17Such condition is related with the time-reversal transformation, but we do not need to discuss time-reversal
here.
18In the case that the fields are complex representations, the charge conjugation is anti-linear as in refer-
ence [71]. But in Quantum Field Theory the charge conjugation is anti-linear as was recognized in Ref. [68]
which shares a common author with the reference [71].
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vector spaces, even in classical field theory: S(φ, φ∗) = S(Re(φ), Im(φ)). For instance, the orbit
space methods [17] are valid for real or complex vector spaces; the Wigner theorem is valid for
unitary/anti-unitary representations on complex vector spaces as well as for real orthogonal (i.e.
unitary) representations on real vector spaces [72].
On the one hand, complex irreducible representations of the group G × H are a direct
product of complex irreducible representations of G and of H, which is not the case for real
irreducible representations. On the other hand, with complex representations we cannot define
all linear operators available in Quantum Field Theory, some of these operators have impor-
tant experimental consequences, for instance the approximate custodial symmetry can only be
defined when the Higgs field is a real representation of SU(2)L [42, 73, 74] or the Majorana
condition on fermions cannot be defined [75].
Note that the standard notation is intuitive and practical, using complex fields to represent
charged fields. But we have shown that despite intuitive, such notation does not imply that
the fields are complex representations. On the contrary, the standard approach is to treat the
fields as real representations, which is expected since the classical Action really is a classical
functional in the sense of Classical Field Theory and there is no notice that complex fields are
indispensable in Classical Field Theory [58].
4 Explicit symmetry breaking
Without knowing much about our system, we can classify the explicit symmetry breaking by
a background field J . We will call J the source field, to distinguish it from the remaining
background fields.
As in the previous section, G is a linearly reductive group, with Gb and Gf ⊂ Gb normal
subgroups of G.
The background symmetry G is by definition always explicitly conserved in the absence of
the source field. Therefore, when we refer to the explicit breaking of a background symmetry
we mean in the presence of the source field.
There are then 2 different possibilities for the source field:
1) J breaks the background symmetry G/Gb The breaking term may be non-renormalizable.
For instance, for one complex scalar field, Gf = Z6 and G = U(1) we need a non-renormalizable
potential to break U(1) while conserving Z6.
2) J conserves the background symmetry G/Gb This means that GJ = GbJ . Then, for
every g ∈ G there is h ∈ Gb such that J = ghJ .
If G/Gb is not just a background symmetry but it is also a true symmetry of the Action,
there are two further possibilities.
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2.A) J conserves the symmetry G/Gb Then we can find h such that ghJ = J and gh is
conserved by the Action.
2.B) J breaks the symmetry G/Gb Note that we can always find h, k ∈ Gb such that gk
is conserved by the Action and hgJ = J . Thus we have that gkJ 6= J holds necessarily.
5 Spontaneous symmetry breaking due to the Higgs potential
The only difference with respect to the usual perturbative expansion is that we only evaluate
vevs of gauge-invariant operators so we do not assume that the gauge symmetry is spontaneously
broken.
The Higgs potential has a symmetry G/Gb and Gf . The subgroups Gb and Gf ⊂ Gb are
normal subgroups of G which is a compact group. We also assume that G/Gf is a group of
global transformations19.
In analogy with Def. 2, to study the Higgs potential and in particular the global symmetries
which are spontaneously broken or not, we assume that:
• we fix the local gauge and calculate the effective potential, using the standard methods:
Landau gauge-fixing, perturbative expansion in the number of loops and renormalization
group running [66, 76–78]);
• We then assume that the vevs of operators are given by the usual perturbative expansion,
which is an expansion in 1) the Higgs field around one point v√
2
φ0 (constant in space-time
and φ†0φ0 = 1) for which the effective potential has an absolute minimum; and 2) the
couplings of the interactions20; we consider the set {V, φ0} formed by the Higgs potential
and the reference point minimizing the Higgs potential
• whenever there are two or more Gb-orbits of {V, φ0} (i.e. {{hV, hφ0} : h ∈ Gb}), then there
is spontaneous symmetry breaking of the background symmetry G/Gb if these Gb-orbits
are related by G.
• we assume that the non-perturbative vevs of operators conserve the same symmetries as
the vevs calculated in perturbation theory, i.e. the symmetries conserved by the classical
Action and the reference point [66].
19In the case of the Standard Model, since the U(1)Y gauge symmetry is abelian and there are no Gribov-
Singer ambiguities for abelian gauge fixing (unlike for a non-abelian gauge symmetry such as SU(2)L), we can
unambiguously fix the local gauge with a gauge-fixing local term and deal only with the U(1)Y global symmetry.
20The usual perturbative expansion is an expansion in the couplings with the mass of the W boson kept finite
(MW = gv/2) therefore it is also an expansion for large Higgs vev.
The vevs of the local gauge invariant operators are the physical observables if the local gauge symmetry is not
spontaneously broken, as it seems to be the case [27, 37, 38]. In the context of the perturbative formulation of
Electroweak theory, there are already studies of the (multi-)Higgs potential based on SU(2)L-invariant bilinears
of the Higgs field [74, 79–81].
The local gauge fixing is perturbative with a local term and in a suitable gauge [27, 82] (such as the usual
gauges used in perturbation theory), we assume that the (non-perturbative) Gribov-Singer ambiguities do not
affect our results. The reference point is constant in space-time with respect to the chosen local gauge.
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These are non-trivial assumptions, requiring that the mean-field approximation describes
spontaneous symmetry breaking correctly. In the Standard Model, the SU(2)L-gauge orbit
minimizing the Higgs potential is unique and therefore there is no experimental evidence in
the context of Electroweak physics, that these assumptions relating spontaneous symmetry
breaking with non-unique SU(2)L-gauge orbits are valid. Thus more studies, simulations and
experimental data are required to support these assumptions [5, 6]. Even if these assumptions
are valid, it is still not an easy task to determine if some symmetry is spontaneously broken
or not by the radiative corrections, if it is conserved at tree-level [83–85]. Note however that
the radiative corrections do conserve the background symmetries explicitly, in the absence of
quantum anomalies in the measure of the path integral.
Under these assumptions, we have to solve a classical (but still non-perturbative) problem
of minimization of a polynomial invariant under a group of symmetries [18, 19].
If there is spontaneous symmetry breaking ofG/Gb under these assumptions, then we modify
the tree-level Higgs potential: we add an infinitesimal polynomial conserving the symmetry Gf
which has a Gb background symmetry (defined by a source field J) and such that the Gb-orbit
of the set {W,φ0} (formed by the effective modified Higgs potential W and a reference point
minimizing W ) is not related by G to a set defined by another minimum of W 21. Then the
modified potential explicitly breaks G/Gb. If perturbation theory is correct there are finite
vevs breaking G/Gb in the limit that the modified potential converges to the Higgs potential
and so there is spontaneous symmetry breaking. However, our procedure is still valid in case
perturbation theory fails, since what we determined were the symmetries of the (infinitesimally)
modified tree-level potential.
In Appendix A we show that it is always possible to modify the potential by an infinitesimal
term such that its minimum is the one we want. If explicit breakdown of the symmetry G/Gb is
not possible then for all φ and g ∈ G there is always h ∈ Gb such that ghφ = φ and the potential
conserves gh; then spontaneous symmetry breaking due to the Higgs field is not possible.
Note that the Gf -invariants are a faithful representation of the group G/Gf [17] and thus
allow us to study if the global symmetries G/Gf are spontaneously broken, without making
assumptions on whether the gauge symmetry is conserved or spontaneously broken. Therefore,
these assumptions are compatible with further assumptions on gauge symmetry breaking, and
they are suitable for studies looking for evidence of the spontaneous breaking of the gauge
symmetry—e.g. comparing perturbative predictions from vevs of gauge-invariant/dependent
operators with experimental results and with non-perturbative studies.
The electromagnetic symmetry U(1)em is the representation of the U(1)Y gauge symmetry in
the SU(2)L-gauge-invariant operators and we can treat it as a global symmetry after U(1)Y local
gauge fixing. Therefore, under our assumptions the U(1)em symmetry can also be spontaneously
21Note that the reference point φ0 can still be not be the unique minimum, but this arbitrary choice of reference
point is not related to G/Gb.
Also, it does not suffice to explicitly break the symmetry in the classical Action without affecting the minimum
of the modified effective potential, otherwise it would be possible to have vevs breaking the symmetry G even
when the explicit symmetry breaking term is exactly null which would be inconsistent with Def. 1).
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broken like all other global symmetries if there are two SU(2)l-gauge-orbits minimizing the Higgs
potential related by a U(1)em transformation
22.
6 Applications
6.1 The problem with Grand Unified Theories
Recently, it was pointed out that the predictions of perturbation theory in the Georgi-Glashow
SU(5) Grand Unified Theory are probably inconsistent [31].
The construction of a non-abelian charge requires dressing the gauge-dependent elementary
fields, forming local gauge invariant operators. If the construction of non-abelian charges would
be possible, then such construction would be a better alternative to the local gauge-fixing con-
dition (used in perturbation theory), which is globally ill-defined due to the Gribov ambiguity.
However, the only known ways of dressing the fields, require the existence of a local gauge-fixing
condition which is globally well defined [88]. Thus no such alternative to local gauge-fixing is
known and so assuming the existence of a non-abelian charge is speculative, even at weak
coupling [32].
The above discussion implies that the global electromagnetic charge is difficult to reproduce
in a Grand Unified Theory, while the Standard Model allows to reproduce the electromagnetic
charge since there is no Gribov ambiguity in abelian gauge-fixing . There is thus a structural
difference between the perturbation theory and the gauge-invariant formulation, as was already
noted in reference [31].
In the following we discuss what are the requirements for the predictions of perturbation
theory in the Georgi-Glashow SU(5) Grand Unified Theory to be consistent. The conclusion will
be that these requirements are significant and untested, in other words the fact that perturbation
theory works in the Standard Model does not suggest in any way that it works in the SU(5)
Grand Unified Theory.
The invariant tensors of the SU(5) group are algebraic combinations of the Kronecker delta
and the Levi-Cita tensor.
We consider two Higgs fields (Φ,Σ) in an irreducible (fundamental,adjoint) representation
of SU(5).
After gauge-fixing, we consider that the vevs of the two Higgs fields are
< Φj >= δj5, < Σ >= diag(2, 2, 2,−3,−3).
In that case, we can form operators whose vacuum expectation values are projections for
22We are not dependent on these assumptions to determine what would happen if the SU(2)L-gauge orbit
minimizing the Higgs potential breaks the U(1)em generator: the photon would become massive due to the abelian
Higgs mechanism—there are theoretical arguments [86] and also experimental evidence from superconductivity
where the abelian Higgs mechanism also happens. It would not depend on the U(1)Y gauge-fixing and would
not imply spontaneous breaking of the local gauge U(1)em [2, 87]. The U(1)Y gauge-fixing merely allows us to
simplify the study by treating the U(1)Y symmetry and the remaining global symmetries in the same consistent
way, which is particularly useful to interpret the results of non-perturbative lattice studies where U(1)Y is not a
local gauge symmetry (reducing computation time) [28, 43, 44].
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the different representations of SU(3) and SU(2) or U(1)em, following the procedure of refer-
ence [27].
So, contracting with the Higgs field Φ will create a trivial representation of SU(3) and
U(1)Y .
Applying the projection P0 = ΦΦ
† will create a trivial representation of U(1)em and SU(3).
Applying the projection P+ =
2−Σ
5 − P0 will create a charged state of U(1)em and trivial
representation of SU(3).
Applying the projection P3 =
3+Σ
5 will create a fundamental representation of SU(3) and
trivial representation of SU(2).
Applying the projection P2 = 1 − P3 = 2−Σ5 will create a fundamental representation of
SU(2) and trivial representation of SU(3).
Note that P+ + P0 = P2.
Then Re(P2DµP3) and Im(P2DµP3) account for 12 massive vector bosons. These can be
divided into 6 bosons P0DµP3, and 6 bosons P+DµP3.
Also (P3ΣP3− 13tr(P3ΣP3)1), (P2ΣP2− 12tr(P2ΣP2)1), (23 tr(P3ΣP3)− 32 tr(P2ΣP2)) , account
for 8 + 3 + 1 = 12 Higgs bosons. These 3 bosons (P2ΣP2 − 12tr(P2ΣP2)1) can be divided into 2
bosons (P+ΣP0) plus 1 boson (P+ΣP+ − P0ΣP0).
The 12 Higgs bosons plus the 12 goldstones (present in the massive vector bosons) correspond
to the 24 degrees of freedom of Σ.
Then P+DµΦ and Φ
†DµΦ account for 3 massive vector bosons (W+ and W 0).
Also P3Φ, Φ
†Φ account for 6 + 1 = 7 Higgs bosons.
The 7 Higgs bosons plus the 3 goldstones (present in the massive vector bosons) correspond
to the 10 degrees of freedom of Φ.
The fermions can be easily obtained using the projections P3, P+ and P0 on the SU(5)
fermionic fields. It remains to solve how to obtain local gauge-invariant states of SU(3)×U(1)em.
Now we need an “effective” U(1)em global charge. Following the suggestion of the refer-
ence [27], such global charge is created effectively, from the interaction of (for instance) an
electron located at an infinite distance, multiplied by the parallel transport needed to achieve
gauge invariance.
Such state is P4Ψ where Ψ is an SU(5) fundamental representation containing the electron
and the projection P4 will select the electron.
With such non-trivial assumption, then perturbation theory works since we can generate all
invariant tensors of SU(3) and U(1)em from invariant tensors of SU(5).
To make a U(1)em charged state invariant of SU(5) we contract it with P4Ψ. We have the
SU(3) invariant tensors Levi-Civita ǫabcde(P4Ψ)
dΦe and Kronecker delta P3.
We conclude that contractions with an (effective) electron located at an infinite distance are
needed to make perturbation theory work in the SU(5) GUT, and then such contractions can
not affect the spectrum of the theory. This a non-trivial and untested requirement beyond the
Higgs mechanism of the Standard Model.
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6.2 The unbroken CP symmetry in a toy model
Recently, in the context of a toy model [89] the CP (charge-parity) symmetry was defined
as involving a complex conjugation in a mathematically strict way. Such definition led to
inconsistencies in the toy model of reference [89] (even accepting that the gauge symmetry
is spontaneously broken) which were overlooked. As was mentioned previously, since the CP
transformation is unitary, the Higgs field is a real representation of the group of symmetries
(including CP). Thus, CP can only be related to complex conjugation as a notation convenience,
but not in a mathematically strict way.
The toy model of reference [89] after spontaneous symmetry breaking, features a “complex”
scalar which is left invariant by the CP transformation. This is unusual, but not inconsistent
since the “complex” scalar is in fact a 2-dimensional real representation and CP needs not to
complex conjugate it.
The toy model has the merit of being a clear example that indeed CP should not be defined
with respect to complex conjugation. In such toy model, CP is conserved by the Lagrangian
and the Higgs vev. The CP-odd invariants (by definition) therefore can only indicate that
CP is conserved. Nevertheless, in reference [89] it is claimed that there are CP-odd invariants
which break CP; but the “invariants” which were calculated are not gauge-invariant and thus
are not CP-odd invariants (an SU(3) transformation could transform some W into a Z but the
“invariants” depend onW s and not on the Z, where theW s and Z are defined in reference [89]).
Note that there is a certain freedom in how to define a “physical CP transformation” in a
toy model. But in any case the CP group (i.e. G/Gb group) must be a group of global transfor-
mations and so the CP-odd invariants (i.e. invariants under the Gb background symmetry and
treating the Higgs vev as a background field) must be invariant under the background gauge
group. The main claim of reference [89], namely that there is a toy model exhibiting physical
CP-violation while the CP symmetry is conserved by the Lagrangian and the vacuum is false,
because it is based on an explicitly false statement about the CP-odd invariants.
6.3 Accidental symmetries
Recently, a conjecture was made relating explicit and spontaneous CP violation, but in a renor-
malizable Higgs potential [47, 48].
Such conjecture builds on different assumptions than ours. For instance, in the case men-
tioned in reference [47], the Higgs potential is invariant under the group A4 and it is not possible
to break CP explicitly in a renormalizable A4-symmetric potential. However, because the back-
ground group orbit does not absorb all the CP-violating phases (i.e. not all the Gb-invariants are
CP -invariants, where Gb contains A4 as a normal subgroup and G/Gb = Z2 is the CP group),
the potential V (φ) = −φ†φ+(φ†φ)2 allows us to choose an arbitrary minimum which can break
the background CP symmetry. Therefore, there are counter-examples to the conjecture that
there is a fundamental relation between explicit and spontaneous CP violation in a renormaliz-
able Higgs potential. The question then is, what is the relevance of these counter-examples?
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The authors consider the cases with pseudo-golstone bosons as “non-physical” (which is the
case of the counter-example discussed above, since the symmetry of the Higgs potential can be
explicitly broken in the remaining of the Lagrangian).
The pseudo-Goldsone bosons arise by the breaking of continuous symmetries of the potential
which are not symmetries of the Lagrangian. Such accidental symmetries can only be properly
identified if the Higgs field is considered to be a real representation of the group of symme-
tries [74, 79, 80]. To apply the Georgi-Pais theorem, which excludes radiative CP violation we
need to avoid pseudo-Goldsone bosons [83]. One important example of an accidental symmetry
in the Standard Model is the custodial symmetry, which can only be identified if the Higgs field
is considered to be a real representation of the group of symmetries.
Since there are models featuring pseudo-Goldstone bosons in the literature 23 whose authors
consider them to be “physical”, labeling pseudo-golstone bosons as “non-physical” is not at all
obvious and we do not do it here.
Thus, under our assumptions, there is indeed a fundamental relation between explicit and
spontaneous CP violation but only in a non-renormalizable Higgs potential. Note however that
the examples presented in the conjecture [47, 48] were most helpful for this work.
6.4 Generalized basis for generalized CP
As we have seen, the Higgs field is a real representation of the group of symmetries. So, what
are we really searching for when we are searching for CP -violating phases?
Consider a 3-Higgs-doublet model [68, 93]. Each Higgs doublet has 4 components. Under Z2
given by the complex conjugation we have for the imaginary neutral component φi → −φi and
for the imaginary charged component ϕi → −ϕi. We can instead introduce a real background
field ǫ with numeric value 1 or −1, which transforms under the Z2 as ǫ → −ǫ. Then we can
redefine the fields as ϕ = R†φ with R such that for each Higgs doublet φ′i = ǫφi and ϕ
′
i = ǫϕi.
Then φ′i and ϕ
′
i is Z2-invariant but ǫ may appear in the parameters of the potential, since ǫ is
real.
Then, a potential where ǫ is not present is CP-conserving. This may seem trivial, but the
CP-transformation needs not to be the complex conjugation. It can be given by Uc where c is
the CP-conjugation and U is an element of the group of background symmetries [94, 95]. The
reason is the fact that group extensions are not unique [71, 96, 97].
Suppose that we start by imposing a family group Hf . Then the CP transformation Uc
conserves Hf and so does (Uc)
2. If the CP transformation is conserved then (Uc)2 = UU∗ ∈ Gf .
So, Gf contains Hf as a normal subgroup. The CP transformation Uc conserves Gf since Uc
commutes with UU∗.
23The case for the two-Higgs-doublet model with a Z2 flavor symmetry softly broken [90] or pseudo-goldstone
bosons playing the role of axions [91]. In several references (e.g. [57, 71, 92] of the same authors of the con-
jecture [47], the emphasis is always the symmetries of the full Lagrangian and not the accidental symmetries
of the Higgs potential, and so in these references the pseudo-golstone bosons do not seem to be considered as
“non-physical”.
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After we identify all the symmetries Gf of the system which commute with U(1)Y , to
check if CP is conserved or not we need to check if it breaks the Gf -invariants. But the CP
transformation always acts on the Gf -invariants as a Z2 transformation since (Uc)
2 = UU∗ ∈
Gf .
So, we start with the same background field R, it is invariant under Gg ×U(1)em×SU(2)L.
However, under a generalized CP transformation we get the background field R→ UR∗. Note
that RR† = 1 = R†R is still left invariant by the generalized CP transformation, so we can insert
R†R wherever it is necessary. Also UR∗Gfφ = GfUR∗φ still conserves the true symmetries Gf ,
despite that it changes the remaining background symmetries.
Then, we change the basis of the potential using R, we call it the CP -basis. The parameters
of the Higgs potential in the CP -basis (e.g. Y = R†Y R and Z = (R† ⊗ R†)Z(R ⊗ R)) are by
construction Gf -invariants. In particular, (cU)
2 = U∗U ∈ Gf and so the CP transformation
acts on the parameters of the Higgs potential as a Z2-transformation.
Therefore in such basis, we still need to look for terms depending on ǫ. If there are none,
then CP is conserved and in that sense we would have a “real” basis. Note however that it may
not be practical to find such basis because R can be in principle any unitary matrix. But such
“real” basis always exists.
In the case of an order-4 CP transformation Uc with U =
[ 1 0 0
0 0 −i
0 i 0
]
[68, 93]. We have
R =
[
1 0 0
0 a −b
0 b a
]
and a = 1 → 0 → −1 → 0 and b = 0 → i → 0 → −i, where the arrows indicate
the action of the CP.
Then for the UU∗-invariants, we have
φ†2φ2 = a
2ϕ†2ϕ2 + bb
∗ϕ†3ϕ3,
φ†3φ3 = bb
∗ϕ†2ϕ2 + a
2ϕ†3ϕ3,
φ†3φ2 = a
2ϕ†3ϕ2 − bb∗ϕ†2ϕ3,
(φ†1φ2)
2 = a2φ†1ϕ2φ
†
1ϕ2 − bb∗φ†1ϕ3φ†1ϕ3,
(φ†1φ3)
2 = −bb∗φ†1ϕ2φ†1ϕ2 + a2φ†1ϕ3φ†1ϕ3,
(φ†1φ3)(φ
†
1φ2) = a
2φ†1ϕ3φ
†
1ϕ2 + bb
∗φ†1ϕ
†
2φ
†
1ϕ3
(φ†1φ2)(φ
†
2φ1) = a
2φ†1ϕ2ϕ
†
2φ1 + bb
∗φ†1ϕ3ϕ
†
3φ1,
(φ†1φ3)(φ
†
3φ1) = bb
∗φ†1ϕ2ϕ
†
2φ1 + a
2φ†1ϕ3ϕ
†
3φ1,
(φ†1φ3)(φ
†
2φ1) = a
2φ†1ϕ3ϕ
†
2φ1 − bb∗φ†1ϕ2ϕ†3φ1
And also the complex conjugates. Note that ab = 0. We can then define a2 = 1+ǫ2 and
bb∗ = 1−ǫ2 . We can then combine the UU
∗-invariants into linearly independent polynomials
which are either proportional to ǫ or absent from ǫ. We can redefine ǫ(θ) = ieiθ− ie−iθ with the
phase θ → −θ under a CP transformation (note that the imaginary unit commutes with CP,
since it is the time-reversal which is anti-unitary). There is then a basis for the Higgs potential
where the phase θ is absent if and only if the order 4 CP transformation is conserved. Note
that this does not strictly invalidate the claim that a real basis does not exist [93], because we
are not using a complex notation and we are using background fields instead.
What it does show is that to deal with generalized CP it is better to treat the Higgs field as a
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real field and use a generalized basis involving a background field which transforms covariantly
with the generalized CP transformation. The standard bases (that do not involve background
fields) transform under generalized CP as if it was a standard CP transformation, thus such
bases are only good to handle standard CP transformations of the Higgs fields. Therefore we
believe that the model of Ref. [93] gives support to our use of background fields in the CP basis.
Note that our method requires knowledge of the Gf group of family symmetries. There are
alternative methods which do not require such knowledge [98], but they are also complicated
and we cannot guarantee that in a realistic situation it is not better to determine first which
are the family symmetries Gf (such knowledge is required for other purposes anyway).
A generalized CP transformation is different than a Z2-like CP transformation only once
we access the Gf -variant degrees of freedom. In fact, the (background) CP symmetry of the
Standard Model (without any extra degrees of freedom) may already be Z4-like and we have
no way to know it without new experimental results [97]. For instance, if the neutrino is a
Majorana particle, CP is order-4 [94, 97].
6.5 Background symmetry in geometrical CP violation and rephasing sym-
metries
In n-Higgs-doublet models, ifGf/SU(2)L is abelian andGf is a subgroup of U(n)×SU(2)L, then
it commutes with the group of rephasing transformations of the Higgs fields Gb = (U(1)
n−1 ×
U(1)Y × SU(2)L)/Z2. Then any neutral Higgs field can be written as φ = ei
∑n−1
k=1
θkφ0 with
φ0 real and so verifying cφ0 = φ0 where c is the complex conjugation (related with the CP
symmetry) and θk are phases parametrizing the group Gb/(U(1)em × SU(2)L).
Therefore, the background symmetry G/Gb = Z2 cannot be explicitly broken by a source
field which is a copy of a neutral Higgs field. It also cannot be spontaneously broken by a
neutral vacuum expectation value of the Higgs field. In the particular case of the Standard
Model, U(1)n−1 is trivial and thus CP cannot be spontaneously broken.
Another application of background symmetries follows. Geometrical CP-violation involves
calculable CP-violating phases [51, 71, 99–101]. These phases are calculable in the sense that
they are stable with respect to a finite variation of the parameters of the potential [78, 102]. The
radiative corrections to calculable parameters are finite (and may be small but not necessarily)
in a renormalizable model. The ρ parameter is an example of a calculable parameter, protected
by the approximate custodial symmetry. The phase of the Higgs vev being calculable means
that the infinite corrections to the Higgs vev have a fixed phase and thus the perturbative
corrections to the phase of the Higgs vev come from the finite corrections to the Higgs vev.
The idea of spontaneous geometrical CP-violation arose in a three-Higgs-doublet model,
with a ∆(54)-symmetric Higgs potential which is a polynomial of fourth order. There is also
explicit geometrical CP-violation [100, 103].
We describe it not as CP-violation, but as CP conservation up to a background phase. So
we are dealing with CP as a background symmetry.
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We consider a three-Higgs-doublet model, with explicit symmetry Gf = (∆(54)/Z3) ×
U(1)Y ×SU(2)L. Promoting the parameters of the fourth order potential to background fields,
we have a background symmetry G = Gb ⋊Z2, with Gb = (Σ(216× 3)/Z3)× U(1)Y × SU(2)L,
G/Gf = A4 ⋊ Z2 ≃ S4 [104].
Then, we choose as source field a copy of the Higgs field with the constraint GJ = GbJ , thus
there is h ∈ Gb such that J = hJ0 with J0 real (the CP acts as the complex conjugation here).
Note that an arbitrary Higgs field does not verify GJ = GbJ for this case. Such constraint may
be consequence of the minimization of a particular potential as in [99] (see also Sec. 6.3) or by
the field content in the Action as in [100, 103].
Following [51], we have the following doublet representations of ∆(54)/Z3 constructed from
the three complex Higgs doublets φm: (a1, a
∗
1),(a2, a
∗
2),(a3, a
∗
3) and (note the difference) (a
∗
4, a4),
where
[
a0
a2
a∗
2
]
=M

 φ
†
1
φ1
φ
†
2
φ2
φ
†
3
φ3

 = 1√
3
[
1 1 1
1 ω ω2
1 ω2 ω
]  φ
†
1
φ1
φ
†
2
φ2
φ
†
3
φ3


[ a1
a3
a4
]
=M

 φ
†
3
φ2
φ
†
1
φ3
φ
†
2
φ1


and ω is a complex number such that ω3 = 1 and ω+ω2 = −1. Note that the only invariant
tensor of the gauge group U(1)em×SU(2)L is the kronecker delta with the indices of the complex
SU(2)L doublet (and algebraic combinations of the kronecker delta).
The matrix M is unitary. Also, M2 =
[
1 0 0
0 0 1
0 1 0
]
, M4 = 1. So, the 9 degrees of freedom in an
describe fully and linearly the (at most) 9 degrees of freedom of any hermitian matrix24, such
as φ†jφk.
Now we can write φ(ω, a) = φ∗(ω2, a∗) so the φ(ω, a) is invariant under the the complex
conjugation (CP) φ→ φ∗ followed by the exchange of an → a∗n (which comes from the exchange
φ2 → φ3 ) followed by the exchange ω → ω2.
Imposing that φ0 is invariant under CP φ→ φ∗, then a3 = a∗4 and a1 = a∗1. The G/Gf = S4
group permutes an (leaving a0 invariant) and so we can have CP-violation of hφ0 due to a
permutation of the an. Such CP-violation is such that there is a CP background symmetry
which is conserved.
We can then use the source field hφ0 to modify the Higgs potential, adding an explicit
symmetry breaking term.
24Note that for the particular case of φ†jφk, there are at most 6 degrees of freedom plus 2 non-negative degrees
of freedom.
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7 Conclusion
Dealing with concepts which are not rigorously defined (in the mathematical sense) can have
advantages with respect to an approach where every concept is rigorously defined [105]. In the
context of Electroweak physics that is necessarily the case since a rigorously defined non-abelian
gauge Quantum Field Theory does not exist yet. Therefore, assumptions play a key role.
But after making the usual perturbative assumptions some problems are still very com-
plicated. That is the case of building extensions of the Standard Model25, and in particular
studying the Higgs potential (a symmetric polynomial of many variables [17–19]).
We should be careful: making assumptions can be used to focus on the physical questions
as much as it can be used to avoid the physical questions.
To study the Higgs potential, one option is to check what are the implications of alternative
assumptions. Such as non-perturbative assumptions—e.g. the ones used in lattice gauge theory
or in the functional renormalization group, which can produce complementary results [45, 46].
Or working with real representations of groups—which in a real polynomial makes sense [69] and
it is necessary26 to deal with the approximated custodial symmetry of the Higgs potential [42,
73, 74, 79–81].
In this paper we showed that such option does lead to progress, despite that the perturbative
Electroweak expansion is a good approximation to the experimental results. We discussed
several examples how the research on Grand-Unified-Theories and CP violation can be much
improved by defining the spontaneous breaking of a global symmetry as a particular case of
explicit symmetry breaking. Moreover, in this way such research can be complemented by
non-perturbative studies.
In conclusion, assuming gauge symmetry breaking or using only complex representations of
groups is not sufficient to study the phenomenology of extended Higgs sectors.
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25Using extensions of the Standard Model is a practical way to produce predictions for experiments. But like
statistical inference [106], (new) physics is not just about producing numbers. E.g. accounting all reasonable
extensions, we may have one prediction for each logical possibility [107], which is a kind of look-elsewhere effect.
Producing predictions where such effect is consistently accounted for is a hard problem (even if we assume
spontaneous symmetry breaking of SU(2)L).
26also to study the physical spectrum in multi-Higgs-doulet models; to handle the pseudo-goldstone bosons in
multi-Higgs models; or to do lattice simulations of the Higgs sector.
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A Adding explicit symmetry breaking terms to the Higgs po-
tential
Now we show that it is always possible to modify the tree-level potential by adding an infinites-
imal term such that its minimum is the one we want. Note that since there is a cutoff scale,
the radiative corrections due to the presence of the added infinitesimal term are infinitesimal as
well, even when divergencies appear in these corrections. Thus the presence of the infinitesimal
term does not affect the non-infinitesimal part of the effective potential, even when radiative
corrections are taken into account.
We consider a G/Gb-invariant and Gf -invariant Higgs potential of arbitrary order (i.e. even-
tually non-renormalizable). The subgroups Gb, Gf ⊂ Gb (with the gauge group contained in
Gf ) are normal subgroups of G which is a compact group.
We take the numerical values of the source field J = ǫφ0 proportional to the numerical
values of a Higgs field φ0 with N real components corresponding to the absolute minimum of
the Higgs potential.
The important point is that the orthogonal group O(N) (G is compact) acts on the R⊗n ten-
sor space with unitary operators. There is a one-to-one correspondence between isomorphisms
of a vector space V to all of its dual space V ∗ and nondegenerate bilinear forms on V . Since
O(N) is compact, we can find a scalar product on V that makes the representation unitary.
For n = 1, we have the basis ej and the bilinear form < ej , ek >= δjk. Such form makes the
representation unitary. For arbitrary n, we have the basis ej1 ⊗ ...ejn and the 2n-linear form
< ej1 ⊗ ...ejn, ek1 ⊗ ...ekn >= 1n!
∑
σ δj1σ(k1)...δjnσ(kn). Such form makes the representation of
O(n) unitary.
Therefore, suppose we have a polynomial strictly of order 2 in φ. It can be written using
the inner product of the tensors pjkej ⊗ ek and φjφkej ⊗ ek
Now we want to find a Gf -invariant tensor whose maximum occurs at φ = φ0, with Gfφ0
breaking c ∈ G.
There is a basis of Gf -invariant tensors, which is given by ρ
jk
a ej⊗ek. The ρa are chosen such
that < ρa, ρb >= δab, using the Gram-Schmidt process. Note that the basis ρa is complete in the
space of Gf -invariant 2nd order tensors, but it is incomplete in the space of 2nd order tensors.
We can complete it nevertheless. The first nf components are Gf -invariant, the remaining
n2 − nf components are not Gf -invariant.
Then, ρlma ρ
jk
a =
δ
j
l
δkm+δ
k
l
δ
j
m
2 with a running until n
2. We then write Φa =< ρa, φ0⊗φ0 > and
Φf =
∑nf
a=1 Φ
aρa is a Gf -invariant tensor.
Then, we can write any tensor as T = cRΦf where c > 0 is a normalization factor and R
is a O(n2) rotation. Then, the R which maximizes the inner-product < T,Φf > is R = 1. Of
course, not all R is meaningful. R should be such that it can be written as a O(n) ⊗ O(n)
rotation. But since the representation of O(n) is unitary, then O(n) ⊗ O(n) ⊂ O(n2) and so
R = 1 ∈ O(n)⊗O(n) is a valid rotation. Also, T = cΦf is a Gf -invariant tensor which can be
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written as T =
∑nK
a=1 < ρa, φ⊗ φ > ρa.
Therefore, the Higgs field minimizing the polynomial of order 2 V2 = −
∑nK
a=1 < ρa, φ⊗φ ><
ρa,Φf > is φ0. At each order we can do the same and so we conclude that we can always add
an infinitesimal Gf -invariant polynomial (defined by a source field J = ǫφ0) such that the
chosen Gf -orbit minimizing the modified potential is not related by c ∈ G to another absolute
minimum.
Note that since the potential V has a background symmetry G then VB(φ) = VcB(cφ)
and also the reference point transforms under G covariantly with respect to the background
fields [51], i.e. WB,J(φ) =WgB,gJ(gφ) for all g ∈ G. By construction, a background transforma-
tion c ∈ G is conserved (i.e. it is not spontaneously broken) if and only if c is conserved by the
modified Higgs potential WB,J(φ) = WchB,J(chφ) for some h ∈ Gb. Therefore, the numerical
values of background fields and source fields, suffice to determine the spontaneously broken
symmetries.
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